None of the coronoid systems can be isometrically embedded into a hypercube  by Zhang, Heping & Xu, Shoujun
Discrete Applied Mathematics 156 (2008) 2817–2822
www.elsevier.com/locate/dam
Note
None of the coronoid systems can be isometrically embedded
into a hypercubeI
Heping Zhang∗, Shoujun Xu
School of Mathematics and Statistics, Lanzhou University, Lanzhou, Gansu 730000, PR China
Received 29 March 2004; received in revised form 6 November 2007; accepted 15 November 2007
Available online 4 January 2008
Abstract
A graph that can be isometrically embedded into a hypercube is called a partial cube (or binary Hamming graph). Klavzˇar,
Gutman and Mohar [S. Klavzˇar, I. Gutman, B. Mohar, Labeling of benzenoid systems which reflects the vertex-distance relations,
J. Chem. Inf. Comput. Sci. 35 (1995) 590–593] showed that all benzenoid systems are partial cubes. In this article we show that
none of the coronoid systems (benzenoid systems with “holes”) is a partial cube.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A large number of topological indices of molecules are related closely to their physico-chemical properties [1,13].
The Wiener index, a well-known distance-based topological index, was introduced originally for molecular graphs of
alkanes by Wiener [14].
For a graph G, the Wiener index is defined as the sum of distances between all unordered pairs of its vertices [10]:
W (G) =
∑
{u,v}⊆V (G)
dG(u, v),
where dG(u, v) is the length (i.e. the number of edges) of a shortest path of G between a pair of vertices u and v.
The Wiener index has found interesting applications in organic and polymer chemistry, in studies of crystals and
in drug design. In particular, the Wiener index was used in the analysis of physico-chemical properties of benzenoid
hydrocarbons. A complete survey is recently devoted to the Wiener index of benzenoid systems (Dobrynin, Gutman,
Klavzˇar and Zˇigert [8]).
Let Z be a circuit of the hexagonal lattice in the plane. Then a benzenoid system [9], also called benzenoid graph
or hexagonal system, is formed by the vertices and edges of the hexagonal lattice lying on Z and in its interior.
Equivalently, a benzenoid system is a finite connected plane graph with no cut vertices in which every interior region
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Fig. 1. (a) A benzenoid system, and (b) a coronoid system with 2 holes.
is bounded by a regular hexagon of side length 1. A connected subgraph G of a benzenoid system is called a coronoid
system [5] if G has at least one non-hexagonal interior face (i.e. hole) and every edge is contained in a hexagon of G.
For example, a benzenoid system and a coronoid system are illustrated in Fig. 1(a) and (b) respectively. Benzenoid
systems and coronoid systems are widely investigated in chemical graph theory [5,9] because they are natural graph-
representations of carbon-skeletons of benzenoid hydrocarbons and coronoid hydrocarbons, respectively.
For a graph G, let V (G) and E(G) denote its vertex-set and edge-set respectively. For connected graphs G and H ,
we say that G admits an isometric embedding (alias distance-preserving embedding) into H , if there exists a mapping
f : V (G) −→ V (H),
such that
dG(u, v) = dH ( f (u), f (v))
for every pair of vertices u and v of G.
An n-dimensional hypercube or n-cube Qn is defined as follows: The vertex-set consists of all n-tuples b1b2 · · · bn
with bi ∈ {0, 1}, and two vertices are adjacent if the corresponding n-tuples differ in precisely one place. A graph G is
called a partial cube (or binary Hamming graph) [11], if G admits an isometric embedding into Qn for some positive
integer n.
For benzenoid systems, Klavzˇar, Gutman and Mohar showed the following result.
Theorem 1.1 ([12]). Any benzenoid system is a partial cube.
Deza and Shtogrin [6] provided a wide extension of the above result to all poly-6-cycles (i.e. chemical graphs in the
plane with the vertices being of degrees 2 or 3, all the internal vertices of degree 3, and all internal faces hexagons). By
applying Theorem 1.1 a fast calculation for theWiener index of a benzenoid system was described in [12]. Afterwards,
Chepoi [3] showed that benzenoid systems are isometrically embeddable into the Cartesian product of three trees.
Using this result Chepoi and Klavzˇar [4] gave a linear time algorithm for computing theWiener number of a benzenoid
system.
It is quite natural to ask whether a coronoid system (i.e. benzenoid system with holes) has an isometric embedding
into a hypercube or not. In this paper we give a negative answer by obtaining the following main result; its proof will
be given in Section 3.
Theorem 1.2. Any coronoid system is not a partial cube.
Based on the above result, it is impossible to calculate the Wiener index of a coronoid system via the isometrically
embedding into Qn . So it needs to find other methods. By the way, we would like to point out that Chepoi et al. [2]
investigated L1-embeddability of rectilinear polygons with rectangular holes endowed with the rectilinear metric.
2. Some lemmas
In this section we introduce some concepts and obtain some lemmas that will be used in the proof of Theorem 1.2.
A connected subgraph H of a graph G is said to be isometric, if dG(u, v) = dH (u, v) for every pair of vertices u
and v of H ; further convex if any shortest path in G between two vertices of H lies entirely in H . For instance, any
hexagon of a benzenoid or coronoid system is a convex subgraph.
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Fig. 2. A convex primitive coronoid system with the paths P and Q between u and v.
A convex primitive coronoid system G is a coronoid system with exactly one hole such that every hexagon of
G shares precisely one or two edges with the hole. For example, a convex primitive coronoid system is illustrated
in Fig. 2.
The inner dual of a coronoid system is a plane graph: place a vertex in the center of each hexagon, and connect the
centers of two hexagons by a segment (edge) when the hexagons share an edge (such hexagons are called adjacent).
We can give an equivalent definition: a coronoid system is convex primitive if its inner dual is a convex polygon; in
fact it is a large hexagon with all angles 2pi/3.
Lemma 2.1. Let G be a convex primitive coronoid system, and let Z be the boundary of the hole of G. Then Z is a
convex subgraph of G.
Proof. Suppose by the way of contradiction that Z is not convex. Then there exists two vertices u, v ∈ Z and a
shortest path P between u and v such that Z ∩ P = {u, v} (see Fig. 2).
We choose a path Q between u and v entirely lying in Z such that the interior of the cycle P ∪ Q does not contain
the hole of G (see Fig. 2). Let L be the subgraph of G that consists of P∪Q together with its interior. Since L contains
no holes, L is a hexagonal chain (i.e. its inner dual is a path). Since G is a convex primitive coronoid system, both
end-hexagons of L share at most two edges with Q and at least three edges with P; Every other hexagon of L share
at least two edges with P . Hence the length of P is no less than the length of Q plus 2. This contradicts that P is a
shortest path of G. So Z is a convex subgraph of G. 
Lemma 2.2. Let Hi be convex primitive coronoid systems with the hole boundaries Zi , i = 1, 2, . . . , k, such that
H j+1 − Z j+1 = Z j for all 1 6 j 6 k − 1. Then both Zk and Hk are convex subgraphs of a coronoid system
Gk = H1 ∪ H2 ∪ · · · ∪ Hk .
Proof. We proceed by induction on k. By Lemma 2.1 the assertion is trivial for k = 1. Thus, let k > 2. By induction
hypothesis we have that both Zk−1 and Hk−1 are convex subgraphs of Gk−1. It is known that Gk = Gk−1 ∪ Hk and
Zk−1 = Gk−1 ∩ Hk . For any shortest path P of Gk between a pair of vertices in Zk , we assert that P ⊆ Zk . If
P ⊆ Hk , by Lemma 2.1 P ⊆ Zk , i.e. the assertion holds. Otherwise, we can choose a subpath P ′ of P between a
pair of vertices in Zk−1 such that P ′ lies entirely in Gk−1 and contains a vertex outside Hk . Since Zk−1 is a convex
subgraph of Gk−1 as mentioned above and P ′ is a shortest path of Gk−1, we have that P ′ ⊆ Zk−1, a contradiction.
Therefore, Zk is a convex subgraph of Gk . That Zk−1 and Zk are convex subgraphs of Gk−1 and Gk , respectively,
implies that Hk is a convex subgraph of Gk . 
From here on, let G be a coronoid system with the boundary Z of any specific hole F . We denote by GZ the
coronoid system formed by all hexagons in G intersecting Z , by C the set of all shortest cycles with F in their
interiors. It is obvious that any C ∈ C has length at least 8.
Corollary 2.3. If GZ is a convex primitive coronoid system, then GZ is a convex subgraph of G.
Proof. We add finite number of unit hexagons to G such that the resulting graph G ′ is a coronoid system that coincides
with the Gk of Lemma 2.2 for some positive integer k and the hole F remains unchanged. Then Hk = GZ and
GZ ⊆ G ⊆ G ′. By Lemma 2.2 GZ is a convex subgraph of G ′. So it follows that GZ is a convex subgraph of G. 
Lemma 2.4. (i) Every cycle in C is an isometric subgraph of G, and (ii) For a hexagon S of G intersecting C ∈ C ,
the intersection S ∩ C is a path of length at most 3.
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Fig. 3. Illustration for the proof of Lemma 2.7.
Proof. (i) Suppose by way of contradiction that for some C ∈ C , there exists a pair of vertices u and v in C such
that dG(u, v) < dC (u, v). We choose such a pair of vertices u and v so that dG(u, v) is as small as possible. Then
any shortest path P in G between u and v has only end-vertices u and v in common with C .
Let P1 and P2 be two paths on C between u and v. Then P is shorter than both P1 and P2. Hence both P ∪ P1
and P∪P2 are cycles shorter than C . But either P∪P1 or P∪P2 contains the hole F in its interior, a contradiction.
(ii) It is immediately obtained from (i). 
In C , we choose one cycle, denoted by C0(F), so that the number of hexagons of G contained in the interior of
C0(F) is minimum. Then we have the following lemmas.
Lemma 2.5. There is no hexagons of G inside C0(F) that intersects C0(F) along a path of length 3.
Proof. Suppose to be contrary that there exists a hexagon S of G inside C0(F) such that S ∩ C is a path of length 3.
Removing the interior of the path S∩C from S∪C , we obtain another cycle C ′ ∈ C . Obviously, C ′ has less hexagons
of G in its interior than C0(F) by one, which contradicts the choice of C0(F). 
Lemma 2.6. If C0(F) = Z, then either there exists a hexagon outside C0(F) intersecting C0(F) along a path of
length 3, or GZ is a convex primitive coronoid system.
Proof. It is immediately obtained by Lemma 2.4(ii) and the definition. 
Lemma 2.7. If C0(F) 6= Z, then either there exists a hexagon outside C0(F) intersecting C0(F) along a path of
length 3, or there exists a hexagon inside C0(F) intersecting C0(F) along a path of length 2.
Proof. Suppose that G has no hexagon outside C0(F) that intersects C0(F) along a path of length 3. It is sufficient to
show that there exists a hexagon inside C0(F) that intersects C0(F) along a path of length 2.
Since C0(F) 6= Z , we can choose a hexagon S1 inside C0(F) that intersects C0(F). By Lemma 2.4(ii) and 2.5,
S1 ∪ C0(F) is a path of length at most 2. Hence we may assume that S1 intersects C0(F) at only one edge, say 12
(see Fig. 3). The other vertices on C0(F) adjacent to 1 and 2 are denoted by 3 and 4 respectively. Let S2 be the hexagon
of the hexagonal lattice with edges 12, 13 and 24. Then S2 lies outside C0(F), and S2 is not a hexagon of G by the
above supposition and Lemma 2.4(ii). So let S3 and S4 be the hexagons in G with edge 13 and 24, respectively, and
let 5 be the vertex of S3 adjacent to 3 other than 1. Similarly the vertex 6 is defined (see Fig. 3). If either vertices 5 or
6 is on C0(F), then the result follows by Lemma 2.5. So suppose none of the vertices 5 and 6 is on C0(F). Then a
path on C0(F) will be denoted by 731 248. Hence a hexagon S5 of G with the edge 37 exists and lies inside C0(F).
Since S2 is not a hexagon of G, vertex 7 is not adjacent to 8 in G. Hence S5 is a hexagon inside C0(F) that intersects
C0(F) along a path of length 2. 
Combining Lemmas 2.6 and 2.7, we have the following main lemma.
Lemma 2.8. One of the following statements holds:
(i) there exists a hexagon inside C0(F) that intersects C0(F) along a path of length 2,
(ii) there exists a hexagon outside C0(F) that intersects C0(F) along a path of length 3, and
(iii) C0(F) = Z and GZ is a convex primitive coronoid system.
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Fig. 4. Illustration for Cases 1 and 2 in the proof of Theorem 1.2.
3. Proof of the main theorem
For an edge uv of a graph H , let Vuv be the set of vertices in H which are closer to u than to v, i.e.
Vuv = {w ∈ V (H)|dH (u, w) < dH (v,w)}.
Note that in a connected bipartite graph H , Vuv and Vvu form a partition of V (H). Now we can state Djokovic´’s result
as follows.
Theorem 3.1 ([7]). A connected graph H is a partial cube if and only if H is bipartite and for every edge uv of H,
Vuv and Vvu induce convex subgraphs of H.
Proof of Theorem 1.2. Let G be a coronoid system and C0(F) a cycle in C defined as in Section 2. Then the length
of C0(F) can be denoted by 2n + 2 (n > 3). By Lemma 2.8, we can distinguish the following three cases.
Case 1. G has a hexagon S1 inside C0(F) that intersects C0(F) along a path of length 2, say hab (see Fig. 4(a)). For
convenience, S1 is clockwisely denoted by habgech. Then c, e, g 6∈ V (C0(F)). We can choose an edge uv of C0(F)
such that dG(u, a) = dG(v, b) = n by Lemma 2.4(i). We assert that dG(v, c) = n + 1.
Since G is bipartite and dG(v, h) = dG(u, a) = n, we have dG(v, c) = n− 1 or n+ 1. Suppose dG(v, c) = n− 1.
Let P be a shortest path of G from v to c, and let x denote the last vertex of P in common with C0(F). It is
obvious that x ∈ C0(i, v, j), where i and j are neighbors of h and b in C0(F), respectively, other than a, and
C0(i, v, j) denotes the path of C0(F) between vertices i and j and through vertex v. That is, x 6= h, a, b. Hence
C1 := P(x, c)+ ch +C0(h, i, x) and C2 := P(x, c)+ ch +C0(h, a, x) are cycles of G which contain less hexagons
in their interiors than C0(F), where P(x, c) is the subpath of P from x to c. Further, one of the C1 and C2 must contain
the hole F in its interior. To prove the assertion it suffices to show that both C1 and C2 are not longer than C0(F); this
would contradict the choice of C0(F). If x ∈ C0(i, u, v), the length of C1 is equal to dG(x, c)+ 1+ dG(x, h) 6 2n;
the length of C2 is equal to dG(v, c)+ 1+ dG(v, b)+ 2 = 2n + 2. Otherwise, a similar proof can be given.
Analogously, we obtain that dG(v, e) = n + 2. Hence C0(v, u, h) + hce is a shortest path of G between v and e,
and dG(u, e) = n + 1. So e ∈ Vuv . Obviously a ∈ Vuv and b ∈ Vvu . But abge is a shortest path of G, which implies
that Vuv is not convex in G.
Case 2. G has a hexagon S2 outside C0(F) that intersects C0(F) along a path of length 3 (say f hab). Let e and g
be the other vertices in S2 (see Fig. 4(b)). We choose an edge uv in C0(F) as Case 1, i.e. dG(u, a) = dG(v, b) = n.
Since C0(b, v, f )+ f egb ∈ C , we have dG(u, e) = n − 1 and dG(v, e) = n, by Lemma 2.4(i). Hence e ∈ Vuv . It is
obvious that a ∈ Vuv and b ∈ Vvu . Then we have that Vuv is not convex in G since egba is a shortest path of G.
Case 3. C0(F) = Z and GZ is a convex primitive coronoid system. Then G has a hexagon S that intersects Z along
a path P of length 2, say P = hab. The other vertices in S are denoted by f, e and g (see Fig. 5). The vertices u
and v in C0(F) are chosen as Case 1. By Lemma 2.1, we have that Z = C0(F) is a convex subgraph of GZ . Then
dGZ (u, f )+ 1 > dZ (u, h) = n − 1, which implies that dGZ (u, f ) ≥ n, considering that G is bipartite. Together with
dGZ (u, f ) 6 n, we have dGZ (u, f ) = dGZ (u, h) + 1 = n. Similarly we have dGZ (u, g) = dGZ (u, b) + 1 = n + 2,
and dGZ (u, e) = n + 1. By the similar reason we have that dGZ (v, e) = n + 2. By Corollary 2.3 GZ is an isometric
subgraph of G, i.e. dG(x, y) = dGZ (x, y) for all vertices x, y ∈ V (GZ ). So e ∈ Vuv . It is obvious that a ∈ Vuv and
b ∈ Vvu . Then Vuv is not convex in G since egba is a shortest path of G.
Summing up the above cases, we always choose an edge uv of G such that Vuv is not convex in G. Hence G is not
a partial cube by Theorem 3.1. 
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Fig. 5. Illustration for Case 3 in the proof of Theorem 1.2.
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